[ Downloaded from yektawebtest.ir on 2025-08-27 |

[ DOI: 10.1128/MCB.00183-16 ]

Iranian Journal of Mathematical Sciences and Informatics
Vol. 8, No. 2 (2013), pp 1-21

On Ricci identities for submanifolds in the 2-osculator bundle

Oana Alexandru
University Transilvania of Bragov, Department of Mathematics and
Informatics, Blvd. Iuliu Maniu, no. 50, Bragov 500091, Romania.

E-mail: alexandru.oana@unitbv.ro

ABSTRACT. It is the purpose of the present paper to outline an introduc-
tion in theory of embeddings in the 2-osculator bundle. First, we recall
the notion of 2-osculator bundle ([9], [2], [4]) and the notion of submani-
folds in the 2-osculator bundle ([9]). A moving frame is constructed. The
induced connections and the relative covariant derivation are discussed
in the fourth and fifth section ([15], [16]). The Ricci identities for the

deflection tensors are presented in the seventh section.
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1. INTRODUCTION

Generally, the geometries of higher order defined as the study of the category
of bundles of jets (Jé“M TR M ) is based on a direct approach of the properties
of objects and morphisms in this category, without local coordinates.

But, many mathematical models from Lagrangian Mechanics, Theoretical
Physics and Variational Calculus used multivariate Lagrangians of higher order
accelerations.

From here one can see the reason of construction of the geometry of the total
space of the bundle of higher accelerations (or the osculator bundle of higher
order) in local coordinates.
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As far we know the general theory of submanifolds (in particular the Finsler
submanifolds [5]) is far from being settled ([11], [5], [6], [7]). In [10] and [11]
R.Miron and M. Anastasiei give the theory of subspaces in generalized Lagrange
spaces. Also, in [8] and [9] R. Miron presented the theory of subspaces in higher
order Finsler and Lagrange spaces respectively.

This article is inspired by the original construction of the higher order ge-
ometry given by R. Miron and Gh. Atanasiu ([9], [12], [13], [14]) and the new
aspects give by Gh. Atanasiu in [1] and [2].

If M is an immersed manifold in manifold M, a nonlinear connection on
Osc®M induce a nonlinear connection N on Osc?M. We take the canonical
N-linear metric connection D on the manifold Osc?>M. This allows obtain of
the induced tangent and normal connections and the introduction of the rel-
ative covariant derivation in the algebra of d-tensor fields ([15]). If in [9]
R. Miron use the canonical metrical N-linear connection of the space L2
having three coeficients (F ;k, q;k’ g;k) , in this article we take the canonical

metrical N-linear connection of the manifold Osc?M having nine coeficients

(B G G ) (i = 0.1.2) (115, 116),

In this paper we present the Ricci identities for the Liouville d-vector fields
2z and 2 on the submanifold Osc2M. For the Liouville d-vector fields
2(e and 2@ on the manifold Osc>M the problem was solved by professor
Atanasiu Gh. in [1] and [2].

2. THE 2-0SCULATOR BUNDLE (Osc?M, 7%, M)

Let M be a real differentiable manifold of dimension n. A point of M will be
denoted by x and its local coordinate system by (U, ¢), ¢ (z) = (%) . The in-
dices a, b, ...run over the set {1,2,...,n} and Einstein convention of summarizing
is adopted all over this work.

Let us consider two curves p,o : I — M, having images in a domain of
local chart U C M. We say that p and ¢ have a ”contact of order 2” in a point
xo € U if: p(0) =0 (0) =20, (0 € I), and for any function f € F (U) :

d? d?
PP (fop) (@) l=0= P7 (foo)(t) |t=0,(B=1,2) (2.1)

The relation ”contact of order 2” is an equivalence relation on the set of
smooth curves in M, which pass through the point x¢. Let [p]s, be a class
of equivalence relation. It will be called a ”2-osculator space” at the point
xg € M. The set of 2-osculator spaces at the point zy € M will be denoted by
Osc2 M, and we put

Osc*M = UMOscﬁoM

To€
One considers the mapping 72 : Osc?M — M define by 72 ([p]m) = x.
Obviously, 72 is a surjection.
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The set Osc?M is endowed with a natural differentiable structure, induced
by that of the manifold M, so that n? is a differentiable maping. It will be
descrieb bellow.

The curve p : I — M (¢Imp C U) is analytically represented in the local
chart (U, ¢) by xo = 2§ (= 2 (0)) . Taking the function f from (2.1), succesively
equal to the coordinate functions 2%, then a representative of the class [pl., is
given by
dz® 1 ,d*z®
a O+t g
The previous polynomials are determined by the coefficients

dz® o 1d?z°
E(U),y@) =5 (0) (2.2)

Hence, the pair ((772)71 (U),<I>), with @ ([p]s,) = (xg,y(l)“,y@)“) € R,

V[Pl € (7r2)71 (U) is a local chart on Osc? M. Thus a differentiable atlas Axs
of the diferentiable structure on the manifold M determines a differentiable atlas
Apse2ar on Osc?M and therefore the triple (0802M 2 M ) is a differentiable
bundle. We will identified the 2-osculator bundle (OSCQM , w2, M ) with 2-
tangent bundle (TQM, 72, M) .

By (2.2), a transformation of local coordinates (w“, yMa, y(2)“) —
(22, 5N, 5P) on the manifold Osc?M is given by

2* () = 2% (0) + ¢ (0), te(—ee) I

2 =7 (0),y M =

=3 (2',...,2"), det <%) #0
0z
~Wa _ Y ()b 2.3
¥ b (2.3)
2~(2)a _ ag(l) (1) 82](1)(1 2)b
O §y (DY Yy

One can see that Osc?M is of dimension 3n.
Let us consider the 2-tangent structure J on Osc?M

) ) ) B B
! (596“) ~ gy ! <8y(1)“) T y@a ! (3y<2>“> =0

0 0 0 : .
where (% s 3y e |us 3y |u> is the natural basis of the tangent space

T,0sc*M . € Osc®?M.If N is a nonlinear connection on Osc?M, then
No = N,J (Ny) = N are two distributions geometrically defined on Osc? M, all
of dimension n. Let us consider the distribution Vo on Osc? M locally generated

0]
by the vector fields {m} . Consequently, the tangent bundle of Osc?M at
Y

the point u € Osc?M is given by a direct sum of the vector space:
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T.Osc>M = No (u) ® Ny (u) @ Va (u) ,Vu € Osc? M. (2.4)

. 5 6 6
We consider {5—a, W? W

(2.4) and its dual basis denoted by (dx oy §y(2) ) where

an adapted basis to the decomposition

dx® = dx®

5y(1)a _ dy(l)a + %abdxb

5y(2)a _ dy(Q)a + M“b(Syb + Mab(sy(Q)b.
) (2

Definition 2.1. A linear connection D on Osc?M is called N-linear con-
nection if it preserves by parallelism the horizontal and vertical distribution
Ny, Ny and Vs on Osc? M.

Any N-linear connection D can be represented by a unique system of func-

tions DI' (N) = ((Lo)bd (Cl')bd (C;)bd> ,(i=0,1,2). These functions are called
the coefficients of the N-linear connection D.

If on the manifold Osc? M a N-linear connection D is given, then there exists
an h;-,v1;- and vg;-covariant derivatives in local adapted basis (i = 0,1,2).

Any d-tensor T, of type (r,s) can be represented in the adapted basis and
its dual basis in the form

T =T 100, @ ... ® O2a, @ da” @ ... ® 5y PP
and we have

Tal b ‘ ) 5 Tl;lll Qo + (L)a1T5a2 Qo + +

Qprra1...Qr—1C c ai...ar _ c ay...a,r
+(£)chb1...bs (Lo)blchbg by o (iLO)bschbg...bs_lc

(1)
ayl...ar _ al...Qy al ca...ar
Tbl...b | id— 61aTb1...bS + ,Cchbl...bS +.t

a ay . (lr 1(‘ a1 c ai...a,
+C caly, & )blchbg by ---_(g)bschbz...bZ,lc

(2)
Tin | aa= 02Ty + GO + ot

Qpra1...QGr—1C (1.1 c ay...a,r
+(g)cd bl...bs (C)bld cbo.. b "'_(g)bschbg...bs_lc

1) 1)
((Sla = —6y(1)a752a = 5 (2) 7Z = O 1 2>
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, ”(1) (2

The operators ”[;q” ,” | ;;” and” | ,,” are called the h;-,v1;- and v;-covariant
derivatives with respect to DI' (N).

Definition 2.2. A metric structure on the manifold Osc?M is a symmetric
covariant tensor field G of the type (0,2) which is non degenerate at each point
u € Osc®>M and of constant signature on Osc?M.

Locally, a metric structure looks as follows:

G = g abdxa ® dxb + g ab(sy(l)a ® 6y(1)b + g ab(sy(2)a ® 5y(2)b7
(0) (1) (2)

where

rank || ga| =n,(i=0,1,2).

(@)

Definition 2.3. An N-linear connection D on Osc2M endowed with a struc-
ture metric G is said to be a N-linear metric connection if DxG = 0 for
every X € X (OSCQM) .

3. SUBMANIFOLDS IN THE 2-OSCULATOR BUNDLE

Let M be a C* real, n-dimensional manifold and let M be a real,
m-dimensional manifold, immersed in M via the immersion i : M — M .
Localy, i can be given in the form

a

% = x° (ul,...,um) , mnkH

The indices a, b, ¢,....run over the set {1,...,n} and a,f,7,... run on the set
{1,...,m}. We assume 1 < m < n. If i is an embedding, then we identify M
with 4 (M ) and say that M is a submanifold of the manifold M. Therefore (3.1)
will be called the parametric equations of the submanifold M in the manifold
M.

The embedding i : M — M determines an immersion Osc®i : Osc>M —
Osc?M, defined by the covariant functor Osc? : Man — Man.([9])

The mapping Osc?i : Osc2M — Osc2M has the parametric equations:

a

@ =% (ul,..,u™ k =
x x (u, N ),mn Haua m
e = 2 a (3.2)
ou®
oyMe oy
@a = 27 j(Da (2)a
2y ue v + 2(%(1)&1) ,
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where
oz 8y(1)a 8y(2)a

e goMe — Gy@e
(3.3)

oyMa  gy2e
oue gu(De
The Jacobian matrix of 3.2 is J (Ochi) and its rank is 3m. So, Osc?i is an
immersion. The differential i, of the mapping Osc?i : Osc? M — Osc? M maps
the cotangent space T (0502M ) at a point of Osc? M, into the cotangent space
T* (OSCQM) at a point of Osc2M by the rule:

oz®

dx® = du®

x BN U

Da oyHa

(1a Yy o Y N

dy o0 + ENOn dv (3.4)
oyPe oyPe oy2e

(2)a — a Do 2)a

dy ue u® + av(l)“dv + 8v(2)“dv .

We use the previous theory to study the induced geometrical objects from
Osc®M to Osc®M.

Let us consider a Finsler space ([11]) F" = (M, F (z,y")) having gas (z,yV) =
1 0%*F?
5 6y(1)aay(1)b
mental function F to the submanifold OscM is given by

F (u, v(l)) =F (x (u) ,y(l) (u, v(l)))

and the pair F = (M JF ) is a Finsler space and it is called the induced
Finsler subspaces of the Finsler space F'™.

There exists a nonlinear connection on the manifold Osc>M determined only
by gab (w, y(l)) . The dual coefficients of this nonlinear connection are [9]

. aGe
%b - ay(l)b

as the fundamental tensor field. The restriction F' of the funda-

—_

Mo == (DMe — M“Md) :
@b 2 < mt i)’

where

1
G* = 57& (%y(l)) y(l)by(l)c,

=yl +2y® 50

and ;. (a:, y(l)) are the Christoffel symbols of the fundamental tensor gqp.
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Next, we consider

a Ox®
Bi() = 5o

and G =gqpdz® @ dzb + gapdy M @ syMe + gu6yP* @ dyDe the Sasaki
prolongation of the metric g along Osc?M.

Thus, {B{‘, BS, ..., Bfn} are m-linear independent d-vector fields on Osc?M.

Also, {Bé, B2, .., Bg} are d-covector fields, with respect to the next transfor-

mations of coordinates

% = g (ul,...,um),rankHW =m
ou®
g(Ma — 27 (1)B .
st = 00, (35)
85(1)04 85(1)04
7o — 27 (1)B (2)8
20 507 v +28v(1)ﬂv .

Of course, d-vector fields {Bf, - le} are tangent to the submanifold M.
We say that a d-vector field £¢ (x,y(l),y@)) is normal to Osc2M if, on
71 (U) C Osc®M, we have
gab (2 (w) ;g1 (u, 0, 0®)) [y (w00 02))) BE (u) -
Consequently, on 71 (17) C Osc®M there exist n — m unit vector fields BE,
(@ =1,...,n —m) normal along Osc>M, and to each other:

ga,,Bng =0, gaBiBY=0s3 (0,8=1,..,n—m). (3.6)

The system of d-vectors B¢ (& =1,...,n —m) is determined up to orthogonal
transformations of the form

B: = AD B2, ||AS,

€O(n—m), (3.7)

where @, 3, ... run over the set (1,2,..,n —m).

We say that the system of d-vectors { B2, B4} determines a frame in Osc?> M
along to Osc?M.

Its dual frame will be denoted by {B(‘j‘ (u, oM 0(2)) , B2 (u, oM 0(2))} .
This is also defined on an open set 7! (17) C Osc?M, U being a domain of a
local chart on the submanifold M.

The conditions of duality are given by:

B3Bg = 43, BgB(‘f‘ =0, Bf}Bg =0, Bf}Bg = 6% (3.8)
BaBg + BaBE = §0. (3.9)

Using (3.6), we deduce:
gang = gabB{ﬁla 6&535 = gang- (310)
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So, we can look at the set
R= { (u, o 0(2)) ; Ba (u), Ba (u, oW, v(z))}

(u, ON v(2)) et (U) as a moving frame. Now, we shall represent in R the
d-tensor fields from the space Osc?M | restricted to the open set 77! (U) .

4. INDUCED NONLINEAR CONNECTIONS

Now, let us consider the canonical nonlinear connection N on the Osc? M
Then its dual coefficients {\4) v {\4) i depends only by the metric g. We will prove
17 (2

that the restriction of the nonlinear connection N to Osc?M uniquely deter-

mines an induced nonlinear connection N on Osc?M. Of course, N is well

determined by means of its dual coefficients <J\4) % {\4) %] or by means of its
2

adapted cobasis (du svMe sy 2)0‘) .

Definition 4.1. A non-linear connection N on Osc2M is called induced by
the nonlinear connection N if we have

s — ijdy(l)“, Sp@e — Bgt(;y@)a. (4.1)

Proposition 4.2. [16] The dual coefficients of the non-linear connection N are

Mg = BY (B + M“Bb)
(€] )
(4.2)
10B§
Ma _ Ba oy (1)6 (1) Bg (2)é Me RBb MeBb
" (2 P T PesV F e Pos T s )

where {\J)b, g\/.g“ are the dual coefficients of the non-linear connection N.
2

Theorem 4.3. [16] The cobasis (da:“,éy(l)“,éy(z)“) restricted to Osc®>M is
uniquely represented in the moving frame R in the following form:

dx® = Bg du®

sy = BagyMe 4 Ba a4 B
Yy , P (4.3)

oyD* = Basv@ + BLK S50 + BIK [ du®,
' (1) F2)”
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where

K% = B§ (Bgﬂ - %ng)

D

- 10B§
Ka:B 7 ,,(1)8 (1)7 Bb (2)é MaBb MaBb 4.4
@’ (2 P et o T “d

anRy f nb d dR9
—Bf By (B§ + %va) (BOB + %gB/a)
are mized d-tensor fields.

Proof. The first relation is obvious. From (3.2) and (4.2) we obtain (4.3). O

index 1, 7,..., and d-tensors in the index a, B, ...and tensors with respect to the
transformations (3.7) in the index @, f3,... is calld a mized d-tensor field on
Osc®M.

5. THE RELATIVE COVARIANT DERIVATIVES

We shall construct the operators V of relative (or mixed) covariant deriva-

tion in the algebra of mixed d- tensor ﬁelds It is clear that X will be known if

its action on functions and on the vector fields of the form
X (2 (1) gD (,00) 4@ (00, 02))
(5.1)
X (u, oW, 0@) | X (u, 0™, v?)

are known.
Let D be the canonical N-linear metric connection on the manifold Osc? M [2]

1
L e — — ad § . 50 — e),
06 59 (0v9dc + 6cgab — dage)
L ZC = B Zc + lgad <5C\gbd - B Zbgfd - B fdgbf> 7(.] = 1) 2)
(i0) (i7) 2 (39) (39)
co = Lgaas (k=0,2) (5.2)
wnbe 59 O1ged; (K =1, .
co = lguag (1=0,1)
(l2)bc - 29 2¢9bdy = U,

1 .
(Q)zc = ig“d (Oibgde + Oicgap — Oiagve) » (1 = 1,2).
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Definition 5.1. The coupling of the canonical N-linear metric connection D
with the induced nonlinear connection N along Osc?>M is locally given by the

set of its nine coefficients DT (V) = <(I(’))b5 (C;’)gé, (C;’)g5> ,(1=0,1,2) where

Lo = LoBl+ c BYK a pd [0
(0% GoyPd T Ty ‘*() T @50

C4s=Cu B+ C4BIKS i=0,1,2 5.3
Go = §paBs T G raBs 1 ( ) (5.3)

Cae = (Cae B9
(i2)b5 (i2)bd o

We have the operators (D) and 8 (1 =0,1,2) with the property

gX“ = (13)(“ (modulo (4.3)) (5.4)
where
DX =dX*+ X’wg, (5.5)
(i) (i)
and
(1?))(“ =dX* + Xb(')“ (5.6)

Here (w) i and (w') i are the 1-forms of the canonical N-linear metric connection
1 1

D and of the coupling D respectively.

Of course, we can write (D)X“ in the form
3

. 1) (2)
(I%X“ = X% 15 du® + X | 5 s L x| i sv 29,

Definition 5.2. We call the induced tangent connection on Osc>M by
the canonical N-linear metric connection D the set of its nine coefficients

DT (N) = (L“ ,Co ca> i=0,1,2) where
( ) (io)ﬂé (il)ﬂé (mﬂa ( )

Lo =B (Bd +Bfid)
(O)ﬁé d( Bo ﬁ(io)fé

a !¢ d i=0,1,2 5.7
&3 =BiB; Cs ( ) (5.7)

a NeoX:
@2~ Bi B(qz)f‘s
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We have the operators 8T with the properties
(]

(13)*)(@ = B;f(L?)X”, for X* = BIX" (5.8)

(D)TXa =dX“ + Xﬁ(@)g, (5.9)
where w§ are the connection 1-forms of (I%T (1=0,1,2).

As in the case of D we may write
T s Y s @ 2)5
g X = Xfsdu® + X | 5 6000 4 X | 603

Definition 5.3. We call the induced normal connection on Osc2M by
the canonical N-linear metric connection D the set of its nine coefficients

L V) — a a a
D F(N) = <(£)55’(g)56’(g)55> where

I @ B& 63% Bf L d
(088~ T\ §y8 + B i0yT?

e (9B e
C o =B + B35 C %5 (1=0,1,2) (5.10)

Ca B& 83% Bf Cd
(i2)85 T4\ Gu(2)s + Biayfo ]
As before, we have the operators (DJ‘ with the properties

1 ~va a7 a a Yy
DX :Bb(li))Xb, for X* = B2X7 (5.11)

(5.12)

where (w)%‘ are the connection 1-forms of 8L (i=0,1,2).

We may set
L ya o 0 . 1)6 5 & 2)0
DEX® = Xdu® + X | 5 5004 X | 509,

Now, we can define the relative (or mixed) covariant derivatives (V) enounced
K3

at the begining of this section.
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Theorem 5.4. A relative (mized) covariant derivation in the algebra of mized
d-tensor fields is an operator (V) for which the following properties hold:

Vi=di, VfeF (Osc2 D)

VX®=DX* VX*=DTX® VX®=DX% (i=0,1,2).
(i) (i) (i) (i) (i) (i)

The connection 1-forms w{, (w)g, w2 will be called the connection 1-forms
2 1

v (i) (P
o .
(i)

The Liouville vector fields for submanifolds, introduced by professor
Miron in [9], are
0

1
— (Do
TV Hy@a

2 0 0
— yMa__ 7 (2)
V= e me T2 g@a

If we represent this vector fields in the adapted basis, we get

'1y = ,z(l)aé')?a,% =261, + 2209y,
where
AMe — e @ _ y@a 4 Lypa 0
2(1)
D -vector fields z(M* and 2z are called the Liouville d-vector fields of
submanifold Osc2M.
The (z(l))— and (2(2))—deﬂection tensor fields are:

@ (€] (1n) (2) (12)

Z(l)alzﬂ = 12g7 LD | = CZZ a LD | = ‘f 2,
(5.13)
(2) 1) (21) (2 (22)
2(2)0"1[3 = ng 2(2)0‘ | 752 (ZZ a’ 2(2)a | zﬂ: (711 Icé
Proposition 5.5. The (z(l))—deﬂection fields have the expression:
(1)()/ o 1)y a
iB:_]y Btz (g)vﬁ’
(11) o
cii §=05+z 7(%%, (5.14)

(12) )
e «
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Proof. Indeed, if we take

Do _ a 1 «

D W (1) (1) « . . .
z | iB= 5jﬁZ +z V(gﬂﬁ,(1:071,2;]:172;5%:5%)
we find the Formulae (5.14). 0

Proposition 5.6. The (2(2))—deflectz'0n fields are given by

(2) 1 1
Bi- 3o am) ey e

2 2
(Zl)a 1 IN« N 1 (U’YBQ (2)70(1 5.15
iﬂ__§<2ﬂ_1ﬂ)+§z He T2 i1)"?” (5.15)
(22)

a (e} 1 1 e} 2 a
qulﬂ =08 +§z( )vgw+z( )’v(g)w.

Proof. Indeed, if we take

PO Z(zw(%)%

(2) @ (2)a (2) a | . .
z | iB= 5jﬁZ +z V(gﬂﬁ,(1:071,2;]:172;5%:5%)
we find the Formulae (5.15). 0

6. ADAPTED COMPONENTS OF TORSION AND CURVATURE TENSORS

The study of the adapted components of the torsion and curvature tensors
of an arbitrary N-linear connection DI'(N) on Osc?>M was done in [2] and [1].
In what follows, we study the adapted components of the torsion and curvature
tensors for the relative (or mixed) covariant derivatives (V), (1=0,1,2).

1

Theorem 6.1. In local coordinates, the torsion d-tensors of the relative (or

mized) covariant derivatives (V) have the next expresions:
(2

T = L% — L% TS = R% =6,N¥% —gN*
00?7 T (0027 (00)"?’ o) T Enfr T T AT
0P~ @y 0, 4% = 0yt
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Py = C9, PY =68, N% — L%,
(10)[37 (10)[37 (11)57 1y 1 B (10)7[3

Ph=Gpr B = 0= 8l ¥ (%) )

(£)ﬂ7 = 627]¥ B (g)ﬁ'}’ = 827];[ B + ]}f € (827]¥ :B) - ('2[6)'7ﬂ77

S =G e ST &

a _ o , a 8 Ne, - O« ;
(%ﬁ Ty <zQz>ﬂ U P giyf
a a a a

Proof. Using the general local expressions from [2] and [1], which give the d-
components of the torsion tensor of an N-linear connection, DI'(N), we deduce
that the adapted components of the mixed covariant derivatives (V), (1=0,1,2)

are given by the formulas from theorem. O

The following d-tensor fields will be needed in our calculations.

©7 T @0 G0 Gk Gk (i0)"”

N . N ba . : 6.2)
Q a _— pao _ O , « — C @ _ C« , (
@’ en® @)? 5P (@™ (@) 7P

(i=0,1,2j=1,2).

We remark that we have

0

Te — T pe — pa

% (007 G TGP

(22)m B (22)ﬂw OGP =
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Theorem 6.2. In local coordinates, the curvature d-tensors of the relative (or
mized) covariant derivatives V have the next expresions:

b
Ry = 05 Lo —0sLis+ L§ Lo%— Le Lo
0h? Tan" Pt a0 @)

a

C? R? C¢ RS,
(1'1)1"7(01)'“S + (i2)" (02)'“S

Py = 6L — Cls + Co Pt Op Po
ay" ot T e Tt an T e
Py = OwLi — Cly+ C8 P+ Co PO
@)’ 7’ 250 @l @ ey T (@) a2
Qulys = 050 —61,C+ C8 O — CoCa+
e Pay T @ T @@ @
+Cg
oy @y
S s = O Ch =0, Cls+ Cp Cti— OO
(i )b 76 16(1‘1)1” 1’7 b6+(1) 761 )6 (1)b6(i1)e’y+ (6.3)
Ce RY
(2)% (12)7°
(§)b v = 825(%)[77 627 Cb5 + Cb’y l2)66 C)b5 C)a

and

Rg%s = 65L% —0

a L2 Le Lo _ L&, L«
(09) @ T a0 T o  anPan T

Ce RO +C2 RO
@7 oh1 T (@) 05

Pgy = 61, L% — C% + C8 P2+ C8 P
ap” 7 g~ @ T @pran T @ e
i i
Pty = O L% — C +C% P2+ C4 P?
@’ 7 B0 @ T ey T @)% e
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((2%@%5 - iy TGy T G~ GGt
+(g)?§a(£)$5
@t = Gy TGt GG T GGyt
(g)%a(ﬁ)ia
(g)ﬂ s = C)M (1)56 (g)m(iz)e‘s (72)56(72)?7
and
G = ks kst bt T Gt
g%d((%”‘s <g>%a<£>z5 ’
G = i T Gl T G ({%)% i <g>%ﬂ<é>z‘s’
(5@675 - 325(11—“0)% - (g)gé'” * (g%v(é)gé - (g%v(é)%v
(%Ea% N 325&%7 o GEt GnGs - Gm&et
<g>%”<£>g‘S ’
G = & T T GG T GaGEt
<Cz>% <§>Z‘s’
St = mGh O Ghi+ Gh G~ GhGP

(6.5)

( _01,2 P — pa.pa — pa.pa :0;50a=5a,52a:32a).

(12)[37 (12)57’(21)6’7 (21)6'V’(22)ﬁ'y
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Proof. The general formulas that express the local curvature d-tensors of an

arbitrary N-linear connection (for more details, see [2] and [1]), applied to the

relative covariant derivatives (V), (i=0,1,2), imply the above formulas. O
K3

7. THE RICCI IDENTITIES

Let DI’ (N) = ((%)&5, (Cl')gé, (C;)gé) be the coupling of the canonical N-
linear metric connection D (5.2) with the induced nonlinear connection N

along the manifold Osc?M, DT (N) = <(%)g6a (Cl')gé, (%g&) and DT (N) =

La ca ca
((m)ﬂ‘s’ (i) (i2)%9
and the induced normal connection on Osc>M, respectively.

) (i=0,1,2) the induced tangent connection on Osc>M

Theorem 7.1. [3] For any d-vector fields X*, the following Ricci identities
hold:

(i) (1)
X - X = X'Rs%%,—T%. X% — RI X“ —
|1[3‘1’7 ‘lﬁl’l"r (07()(S By (0),87 |"U (Ol)B’Y | 1o
R xo (2)
_(OQ)B’Y | 0
o (1) e (1) %o e jp) . o (1)
o Lin =X Ly is = X0 Pl%y = QB X%, = BB X% |
P L@
12)%7 [io
X @ X @ X0 p 5@ Ce X© PI X Y
lig | iy | iv lis T (211)6 By — (iQ)EPY lic — (21)57 | io
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(1) (2) (2 @ (1)

X |, o Xe | o= X0Q s~ co xe | _
| i | iy | iy | i (21) By — (i2)ﬂ’y | io
2”7 e
Yo (T) (J|') Yo (J|') (T) X0 g (g ¥ (T)
iB iy = iy | = 5 5%y — 53, XY | 45
B lo v 18 G’ T GHh
Ro xo (2)
~BRE e

where (g)gv =0,(:=0,1,2,=1,2) and

X = XOag, 4 xMeag, 4+ X2,
is an arbitrary d-vector field on the submanifold E = Osc? M

Proof. Let (Ya) and (w?) , where A € {(i)a,i=0,1,2}, be on E = Osc>M
the bases and the dual bases adapted to the nonlinear connection IV, and let
X = XFYr be a d-vector field on E*. In this context, using the following true
equalities (applied for the induced tangent connection DT (N ))

1
2
3
4
5
6

Dy, Vs =TE Y,

[Yp,Yo] = RpoYr,

T(Vo, Vi) = The¥p = [T~ T — R}V,

R(Ye, YB)YA — RE ..V,

Dy w? = -TE wh,

R(Yce,Ys)X] @ wP @ w® = {Dy, Dy, X—
—Dy, Dy, X — Dy v, X} @ wP @ w®,

(1)
(2)
(3)
(4)
(5)
(6)

by a direct calculation, we find that
Xpo—Xbp=X"Repe — X3 The, (7.2)
1

where ”.g” represents one from the local covariant derivatives ”|;5”, ” | ;57 or
(2 .

| ;5" produced by the induced tangent connection DT (N )

Taking into account in (7.2) that the indices A, B,C, ... belong to the set
{(#)a,i =0,1,2} by complicated computations, we find what we were looking

for. O

b2

The Ricci identities (7.1) applied to the Liouville d-vector fields z(M® and
2 Jead to the next theorem.
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Theorem 7.2. The deflection tensor fields satisfy the following identities:

(4) (j)a L) ) (%)
l? liv ™ li)'v\m = (R)5 By — D (%;ﬂv
(Jl)a 2) s

R
(01)57 i g (02)577

() (@) (41) )6 ()
i 5 | iv Cf Ylis = 20 (P)5 By — Dé(q)ﬂv_

(J;)a (7P) i (J’dZ)a po
S oantr T 0

(7.3)
(Jb)a (2) (Jj)a (s p (J’) e
78 | iv % ylis = Z (2i )5 By ™ 6( Nl
(J;)a po (Jj)a (;D) i
) (21)137 - (22)1877
Gy @ G2 O (s (&)
(lig |w—ciif; g = 27 (g)tiaﬁv_Xa | io —

J1)
— d co. — d Q ,
(12)57 i ( 2)57

(ji)a ) (ﬁ)a ) () N
d 3 |m_ oy lig = 2V (;5;)5 By—

(jl)a(l)é (Jj)a R
o g (7)57 (ZQ)B’Y,

1 =0,1,2;5,1=1,2; RS =0.
(7’ y 4y 4505 ) 7(22)137 )

Also, if the (z(l))—and (2(2))—deﬂection tensors have the following particular
form

(1) an (12)
D§ =0, 15=035 dj=

(7.4)
@) (21) (22)

then, the fundamental identities from (7.3) are very important, especially for
applications.
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Proposition 7.3. With the deflection tensor which are given by (7.4), the
following identities hold:

(7)o R 5@ — Ra (1)é P s« — pa (2)6 p (a — pa
T’ T ey T e T ey T T @

(7)o P s« — po (1)é Q @ - Ca (2)6 Q @ _ é? a
z F) y 4 ) 5 z ) 5
G’ P Gy (2i) 7 @yt (2i) o @™

J

(7)o S s = g (1)é S o =0 (2)6 S o - R¢
z ) z Ll z .
Gy’ P o @)’ 77 @’ 7T ap?

(7.5)
(i=0,1,2;5=1,2).

Proof. Using the Ricci identities of the Liouville d-vector fields z(D® and z(2)®
from the last theorem and the particular form of the (z(l))—and (2(2))—deﬂection
tensors from (7.4) we get the Formulae (7.5). O

Remark 7.4. The deflection d-tensor identities (7.3) will be used in the near
future for the construction of the geometrical Maxwell equations that will gov-
ern the abstract ”electromagnetism” in the Lagrange subspaces of second order
(this is our work in progress).
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